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THE MINIMUM DEGREE r OF RESOLVENTS FOR THE p-SECTlON 

OF THE PERIODS OF HYPERELLIPTIC FUNCTIONS 

OF FOUR PERIODS* 

BY 

LEONARD EUGENE DICKSON f 

Introduction. 
The chief object of the investigation ^ is to prove that, if jo > 3 , 

T=(^^-l)/(p_l). 

The case p =^2) alone is exceptional, the problem then being equivalent to that 
of the 27 lines on a general cubic surface. On the final page of his Traite, § 
Jordan states that he had established the theorem for jo = 5 , by methods anal- 
ogous to those used in his complicated discussion for p = 3 , and says " mais ici 
la complication est beaucoup plus grande." 

It is rather remarkable that the minimum t should be so large as 
211^ + j)^ -\- P + 1 » since the fractional form of the general quaternary linear 
group modulo p can be represented as a substitution group of this degree (and 
of no lower in view of the present theorem). 

The paper makes considerable headway in the problem of all the subgroups 
of the quaternary abelian group modulo p, which plays the same role in the 
hyperelliptic modular theory (as yet but little developed) as the binary congru- 
ence group plays in the classic elliptic modular theory. 

Properties of three maximal subgroups of 8 A ( 4, ^" ) . 
1. We consider special abelian || transformations of the three types 



* Presented to the Society (Chicago), December 30, 1904. Received for publication Novem- 
ber 17, 1904. 

t Of the Carnegie Institution of Washington. 

J A sequel to my series of articles in these Transactions. Occasional reference to them is 
made by Roman numerals as in the list in the paper, Determination of all the subgroups of the 
known simple group of order 25920, in vol. 5 (1904), p. 127. 

§Note j;, p. 667. Also in Comptes Rendus (1870), p. 1028. 

II The abelian conditions on ( 1 )i and ( 1 )2 are given by (7) of IIj,, and (19) of Ilsgo; respec- 
tively. The sign ± preceding tJie matrices in II is now to be omitted. 
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Those of type (1)^ form a group O^ of order m = (^^" — 1 ) (/'" ~ 1 )^)*". The 
operators with «jj = 1 form a subgroup (t„, of order w' = (p-" — \')p*'^. Next, 
the operators of type (l)^ form a group H^ ; those with a^-^oL^^ — ''^12 "^21 = ^ form 
a subgroup 11^,. Finally, there are { (jo^" — l)^)**]^ operators (1)3 with 

(2) «n ^U - Al7„ = 1 , «22^22 - ^22 722 = 1 • 

These and their products by P,^ = ( ^i ^2 ) ( '?i '?2 ) form a group K^ ^ 
7r= 2(jj^''— 1)^1/". A subgroup ^„,, tt' = (j)^" — 1)^3^» is formed of the 
operators 

(3) li = ?1 + 7,1 '?i, V'i=Vi, ?2 = '^22^2 + 722'?2' % = ^22^2 + ^22 '?2- 

2. Theorem. -^ a subgroup of SA{4:,p") contains O^,, it lies in Q^, 
In particular^ G„ is a maxitnal subgroup. 

We extend G^, by a transformation S oi /S'^l(4, p"), not in G^, and prove 
that the group obtained is SA (^i , p'') . Give to S the notation (1) of II37,. 
By hypothesis, /3j,, ySj^, S,^ are not all zero. We may assume that /S^j and /Sj^ 
are not both zero, otherwise M^ S has l3[^ = — 8^^ =f= , while J/^ lies in G^^ . 

Let first /3jj = , /Sj^ H= ^ . Employing S"^ if necessary, we may take 
/3jj = , /S^j =j= . Then /S" = /S"^, 2, p, where a^j + p/S^j = 1, is of the form 
/S with a,j = 1 , /Sjj == , /S^j =j= . Now G^, contains a transformation T which 
leaves 77^ fixed and replaces fj by the same function f j 4- ■ • • that /S' does. 
Then >S'j = T-^S' leaves f^ fixed and has /Sj^ = . The abelian conditions give 



1, 



«22 ^22-/^22 722^ 



721 = ^21 = ' 

The product 8^ = S^IJ-^, where f7= ( »|^ g) on f^ and t?^, is 

?i' = ?i' '?i='?l + i^l2f2+^12'?2' ?2 = f2+«21^1' < = '?2 + Al ^1 • 

By the hypothesis on >S, /S'j is not in G^, so that /S^ and Sj^ are not both zero. 
Now G„, contains an operator V which leaves ^j and i/j unaltered and replaces f^ 
by — «~'(/Si2^2 + ^12 ''2)' where k is any mark =)= 0. Then V~^S^V== •^i,2,«- 
Now JI/"~' transforms the latter into Q2,i,«' But <y„, contains §i, 2, «• Hence 
we reach 

W "n^^ V2, 1,1 XI, 2,1 V2, 1,1 -^2,-1 » -M^\'= "n-i^i-t^ni 

and hence {Linear Groups, p. 92) all the generators of /S^ (4,^"). 

Trans. Am. Math. .'^oc. 4 
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Let next ^,i 4= 0. Then /S" = iV,,2,_Sx23,-?§i,2,-3,rfff'S' replaces j;i by 
yS^ili + Br]^. Then Si = Li,-sp:i '^' replaces % by /Sufi. For S^, 

7u=-^u'' 721 = 0> ^21=0' «22^22- '^22 722=1' 

by certain abelian conditions. Then S^ = S^U'^ , CTas above, is 

i; = «llll-^>i+«12?2 + 7,2'?2' '?I=Alll' I; = l2+«21?1' 

'?2 = '?2+'^2lll- 

Then S^ = AS'2i^i,2,_„j^i,2,_„„ is of the form 

i; = «^l-/5u '?!' '?;='^U?1' ^2 = ^2' '?2 = '?2- 

Then (S^ = S^Li,-aff^} is of the form a^^ with a = . Now /iS^ transforms i, ^^ 
into X,'__;^|32j. Hence we reach every Z-j ^ and hence M^ = ij _iiyi lij _i. 

3. Theorem. If a suhgroup of SA(i, p") contains H^r, it lies in H^. 
In particular, H^ is a maximal subgroup. 

I omit the proof, which is of the same character as that of § 2. 

4. Theorem. Iffor p>2, a subgroup of SA{4:,p") contains K^,, it 
lies in K^ or G„ . In particular, K^ is a maximal subgroup.* 

We extend -ff',, by a transformation 8 of ^J.(4,p"), lying in neither K„ 
nor (r„, and prove that the group obtained is /S'J.(4, p"). Giving 8 the nota- 
tion (1) of Iljyj, we have a^^, Yj^, /812, ^12 no* all zero, since 8 does not lie in K^ . 

Applying Z-i )^ on the right, we may suppose that a^^ and "y^ are not both 
zero. We may take Oj^ 4= ^ » applying M.^ on the left if necessary. Finally, 
applying T^^^L^^ „ on the left, we may take ajj = 1 , 712 = . 

Case (a). ' Let S,^ = ^ . Then (2), holds. Then 8U-^ , where U= ( ^ H) 
on I2 and t;^, becomes 8^ in view of abelian conditions Cj^, C^^i 



(5) 



8,= 



«n 


Ti, 


1 





Ai 


Su 


A2 











1 






^. 



Tr= 



a 


y 








/8 


s 


1 











1 





a 


7 





1 



Since 8^ does not lie in 6'^^ , /3jj and /S,^ are not both zero. 

Let first 0^, 4= in .S, . Then T^^. '^i ^1, -3rl ^2, Pi. ^^ the form W. Then 
for any \ 4= , TT"' ?;, k WT^l = -ffj, 2, i-a • Transforming by I^, p and if 7I, 
we reach every i?i_ 3 ^ and Q^i^^,iip''>2. Then f we reach iV,, 2, ^ and its 



* The latter is true also for p = 2 . 

■f Linear Groups, p. 97, formula (83) for i = 2,j=l. 
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transform Q^ ^ _^ by J^. Applying (4). we obtain the remaining generators of 

.^^(4,^")." 

Let next /S^^ = , /S^^ =f= , in S^ . Then yS^j = — /3jj , S^j = — Sjj by abelian 
conditions C„ and (7„. Then A.-Snpri'^iA.-augrf ^^ ^'- 
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Then if 7 =1= , ^-> T^^, ,ZT^^l= Q,_ ,^^_,. If p > 2 , we reach every Q,^ 2, r 
Then 

ZQl,2.-l'- ^'1= — ^uVl, V'l = /3iili, ^2= ^2' '?2 = V2 

transforms i/, ^ into i-i.-ppfj. We thus reach every transformation of determi- 
nant unity on fj and r)^, and then SA{4:,p''). 

Case (6) . Let next B^^ =t= . Applying L^^ ^ on the left we may make 
yS,j = . We thus have a transformation S' with a^^ = 1 , 7^^ = , /S^j = , 
Sjj 4= 0. Since S' is not in II^, a^^, <y^, /S^^, S^^ are not all zero. Applying 
M^ on the right, we may assume that a^^ and 7^^ are not both zero in 8' . 

(6,). Let first a^^ d . We may set a^^ = 1 by multiplying by T^^^^ on 
the right. Then F= i/j, -y^S'L^^ y^sYl^k -/3« i^ «* tl^^ form (6)3 . 

If «,, + in F, then F, = i,, _^„^„. F has 721=0, 7u = 0- Then 
Vt'U, _, F,i; , is ^„ with t = p-pBl 
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Then Z^i^, _« = -^o- ^o^" ^22 4= ^ , ^„ with p = — B-^ S-^ is of the earlier type 
(5), . For 8^ = 0, Z^ = L\^ _^ and S,, = 1 , a„ = , S„ = - a'l in V, . Then 

1^2 = -^>l,3„a^l^2,a-l = ll = ^2 , '7l = % " «~' '?M I2 = ll + «~' I2 , '?2 = '?, • 

Then ( Fr' T^, _i Fj r^, _, )' = §2, ,, -4a-i • We thus reach 8A{\,p'). 

If a^i = in F, then Ojj = by abelian condition (7,4 . Applying i/] ^ on 
the left, we may set S^ = . Then Xj, -s„ FLj j^^j-i Zj, 1 is of the form (6) 
witha;=-^„=l=0. 

(62)- Let finally a^^^() , 7^2 ^= in S' . We may set yS^^ = , since other- 
wise S' L^^i is of the form /S" with 0(22 + 0. Applying on the right the inverse 
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of ( ^1 l^j ) on f 2 ^nd 7}^ , we reach (7)2 , in view of the abelian conditions. If 
a = 7 == , X= Pj2 would belong to ^, . If a 4= , X"' is of the form S' 
with aj2 =}= . Hence we may set a = , 7 4= ^ • Then X^ = ^1 2, 2^ • ^^ 
2? > 2 , Ve reach every iV^i 2, p • ^ow -XiVj^ 2, -^ = 'P12 • Hence we reach the 
generators of 8 A ( 4 , ^" ) . 

The subgroups of order a power of p . 

5. Consider the subgroup G in of the operators S= \_k, a, c, cZ] defined 
by (3) of IIj^j- Let 2 = [«, a, 7, 6] . Then the commutator S~^'2^^S'2 is 

(8) [^', 0,c', 0] (A;'=2ae — Sra + a^d — a^rf, c'=ad — ad). 

If j3 > 2 , we may make k' and c' assume arbitrary values in the field by 
taking a=—l,a = 0,B=c\2'Y = k'-j-c'. li p = 2, we may make k' and 
c' assume arbitrary values each 4= by taking S = 0, a= h' jc , d = c' jk'; 
also we may make ^•' = c' = . The number of operators thus reached is 
( 2" — 1 )^ 4- 1 , which exceeds 12^" if n. > 1 , so that they generate K^,„ below. 
If p ^ 2 , «, = 1 , then h' ^ c'= ad — ah. 

Theoeem. For p" > 2 , the commutator subgroup of G i„is 

(9) j5"2„ = { [^, 0, c, 0] , k, c arbitrary] ; 

for p" = 2 it is the group of the two operators [k, 0, ^, 0] , ^ = 0, 1. 

6. It is easily shown that if the pth power of every operator of a group G „ 
belongs to its commutator subgroup G s, there are exactly ( ja""' — 1 )/(^ ~ 1 ) 
subgroups of order p"'~^ in G „. 

For G in the condition is satisfied. Hence the number of its subgroups of 
order p*"-'^ is (j)^" — l)/(p — 1) ii p" > 2, audi ii p" = 2. 

When a subgroup G^tn can be defined by certain independent relations 
f=0,---,f=0 between the coefiicients k,a,c,d of S, we denote it 
{f = 0,...,f=0}. Tims (9) is denoted {a=0,d=0}. 

For j9 > 2 , ?i = 1 , the p + 1 subgroups of order p^ of G i are 

(10) {d=0}, {a=td} {t=o,l,--,p—l). 

7. The group { a = } is commutative of type ( 1 , 1 , 1 ) and hence has 
p^ + p + 1 subgroups of order p^. As in §5, it follows that, for ^> 2, the 
commutator group of either {d= 0} or {a = td} , t =^ 0, is formed of the 
operators [_k, , , ] , and contains the pth power of every S. Hence either 
group has exactly ^4-1 subgroups of order p^ . They are seen to be the ones 
given in the following table : 
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{(^=0,a = 0}, {(/ = 0,c = sa}, 
{a = 0, d = 0} , {a=td, c = sd + \td^ } ,. 
{a=0,c? = 0}, {a=0,c = scZ}, {a=0,^ = rc + scZ 



where r and s take independently the values 0, 1, •••, p — \. 

Now 2^1 (-1 transforms {a = <c?},<=|=0, into { a = cZ } . The 2j)^ + p + 1 
distinct subgroups of order p^ of G^ 4 are found to be conjugate within 
SA (4, ^) with the four types* in the 5th— 8th rows of the table of § 8. 

8. In the following table is given in the first column a representative of each 
set of subgroups of G t conjugate within SA (4,j3),j)>2; in the second 
column the largest subgroup of >S'^(4,p) transforming into itself the repre- 
sentative. 



p 
{a=0} 

[a= d] 

{a = d=0] 

{a = c = 0} 

{a=0,A;=i'c?} 

{a=d, c = hd'^} 

(Ai) 
(A.Ai) 

(5)if^>3 



{P 



'-^p* 1 -^ 1, an -^ , aoa 

H^ of operators {1)^ 
G„ of operators (1\ 

Gpli -^1,113 -'2, a 

^pii -'-1, 
2p'(jo^ — 1) operators (ll)i 

{a=d}, i;,,.r,,„ 

G„ of operators ( 1 )j 
=)=e)(j3 — l)p' operators (11)2 



, an -^ 2, a22 

T ■ P 

, an 2, a22 ' -^ 12 



[7,*,^^', «], n.3?l,,[o.O, 



12 
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where I' is a particular not-square, ;u. = l or v, B = l_0, —1, 0, 
e = ± 1 according as |) = 4? ± 1 , and where 
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A = ± («L- O =1= 0, «= af^ -f- M-^«f2 + 0- 



*These correspond to K^i, K^-i, K^t, and (16'), respectively of II. The types of period p 
are taken from I ; the transform of ^1 of I112 by Mi if 2 Ti, -1 gi ves B . 
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General plan of the subsequent investigation. 

9. Let ^ be a subgroup of order p'N of SA (4,^), i>0, N prime to p , 
p > 2 . Applying a suitable transformation within SA ( 4 , p ) , we may assume 
that H contains a subgroup G * lying in the G i of §§ 5-7. If H contains 
G i self-conjugately, H lies in one of the groups in the second column of the 
table in § 8, and hence lies in G^, H^., or {G^i, ?!, „„ ^2, aaa)* ^^ *^i^ ^^^® *^® 
determination of H depends upon the determination * of all subgroups of the 
binary linear-homogeneous group of determinant unity. Suppose next that 
G i is not self-conjugate in H. Let p" be the maximal order of a subgroup 
common to G^i and any of its conjugates under If; let (r „ be such a subgroup. 
By a theorem f discovered independently by Buenside and Feobenius, H must 
contain an operator iS, of period prime to p, commutative with G „ but not 
with G,i. 

Now, if p > 2 , (p* — 1 ) (p^ — 1 ) has no factor of the form 1 + p^x, x > . 
For if so, call the quotient q. Then <.q<ip^, —p^+ 1 = q (mod p^). 
Hence q = p^ —p^ + 1 . But the latter is relatively prime to (p^ — ly, and 
exceeds p^ + 1 if p > 2 . Hence the number of conjugates to G i in H is not 
= 1 (mod p'), so that J m^i — 2. We may set m = i—1 or i — 2. 

10. Lemma. Any binary transformation _B = (^ |),/34=0, together with 
all the S/^= (I 1 ) generate every binary transformation of determinant unity. 

Indeed, S_,f,.,BS_^^., == {^ l), where t= - 0-'(aS - ^j) + . The 
latter operator transforms /S^ into ( ^ ? ) , where a- = \/3t~' may be made arbitrary. 

The subgroups II of order p^N, p > 2 . 

11. Now i = 4, m = 3 or 2 in § 9. For m = 3, we may take G^„ to be 
{a = 0} or {J = 0), since every operator commutative with { a = (? } lies in 
((t 4, ^u37'2,a) ^"<i hence is commutative with G^i (§ 8). 

For { (? = }, /S" is of the form {\.\ . Then yS^j 4= since S is not commu- 
tative with Gi. The quotient-group § G^/ {d= 0} maybe taken concretely 
as the group of the products T^^^^^U, U a. binary transformation of deter- 
minant unity on ^j and r]^. Also, G ,/ {d = 0} is (Z-j.y)' Then, by § 10, we 
reach every U. These, with G 4, generate G^,. Hence, by § 2, ^ is a sub- 
group of G^ . 

For {a = 0}, /S is of the form (1)^, with a^i 4= *^- Th^ quotient-groups 



* This has been done by the writer for any Galois field. 

t References in Bubnsidb's Theory of Groups, p. 97. 

t Compare, for example, Bcbnside's Theory of Groups, p. 94, Cor. II. 

§ Bulletin of the American Mathematical Society, vol. 10 (1904), pp. 178-184. 
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H^ «JA - 

— otiJA «! 
where A = ol^^ol^ — '^i2<^2i' ^^® simply isomorphic with the binary groups 

Hence, in view of § 10 and § 3 , Zf is a subgroup of H^ . 

12. Let next i = 4 , m = 2 . Then, by § 8 , G^f. is neither [a = d = 0] nor 
{a = d, c = \d^}. If G^^2 is {a = c=0}, S— S^P^^, where ,S'j lies in 
[«= 0} extended by T^^^, ^2,„„, so that /S, transforms ^y into itself. But 
G 4 and its transform by P,^ have (a = 0} in common, in contradiction with 
TO = 2 . Finally, let G i be {a = , ^ = z/(^ } , so that S is of the form (11), . 
Now the general quaternary abelian operator with every ^.. = transforms 
[^, a, c, c?] into an operator of the form (l)^, written in capital letters, with 



D.. = T.. — aS.„a.,, 



C,j = ^a,i«.^ + ca.i«.2 + (c - «<?)«. 2 «., + a'a;2«i2 - ««fl7,-2 - «%-2«,u 

where T^,= l {l=j), t y = (i4=j). Hence (x^4 and its transform by S 
would have {a = 0} in common, in contradiction with to = 2 . 

The subgroups H of order p^JSf, p > 2 . 

13. Let first i = 3, to = 2 in § 9. In view of § 8 the only case not imme- 
diately excluded is (t^e = { a = c? = } , G^^ = [a = d] . Then S lies in 
{G^i, T^a^i ^2,022) ^^'^ hence transforms {a = d) into {a = a^^a'^^d] ; the latter 
two generate G i in contradiction with i = 3. 

14. Leti = 3,TO = l. If (?^, = (ii_^X2_i), then <y^,3={a = 0j. Since 
(11)2 is of the form (l)^, this case is excluded by § 8. li Gp = (B), p being 
> 3 , then G^s = {a = d} ; so that (§ 8) any operator commutative with G is 
commutative with G^a . Let finally Gj,= (L^i). Let first G^, be { a = } , 
so that S is of the form (1), with /S^^ 4= ^ • Then S transforms [ , , 1 , ] 
into [2a,jaj2» — «ii/322' "=11 "=22' ^]' which extends G^z to (5|p4, in contradiction 
with i = 3 . The same argument excludes G s= {« = <?}. Finally, 
G s= {d = 0} is excluded by § 8. 

Theorem. Every subgroup of order p^N has a self-conjugate G 3 and hence 
lies in either G,. or II, . 
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15. Let i 



The subgroups H of order p'JV, p > 2 . 
m = 1. Let first G^, = (i] ,), whence S = (l)i. Then 



/a = c?=0}, [a = c = 0}, or {a = d, c = sd + ^d^} . 

We may set s = by transforming by [0,0, — s,0], which is commutative 
with ( Z-j J ) . The argument at the end of § 14 excludes {a = d= 0} . 

Let G^., — {a = c = 0}. Now S transforms [^,0,0,7] into S , given by 
the second matrix of IIj^^ when a = c = . The supposition fi^^ = contra- 
dicts 4 = 2. li a^2^ 0, we employ S for 7 = a^^' ^^^ . Hence we may set 
/S32 =j= , a22 = in S. Then, for 7 = — yS~^ , 2 Zj _;t, has the form ij 1 Qi, 2, s • 
This is transformed into Xj, 1 -^1 52 ^J -^i, 2, -s ' which is commutative with 
{ a = c = } . Hence H contains L^ 1 and { a = c = } , which generate IT^, 
of§l. By§4,i71iesin^„or G^„.' 

For (r 2 = {a = d, c== ^d'' } , a similar argument shows JI contains an oper- 
ator C^_ 3 , with s =j= : 
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NowiVi_2, -r? which is commutative with (r^z , transforms C/J. ^ into Xi,r2-raC^o,s- 
Hence, ^ contains Gj,^ and Uo^,. Set ^^ = [0, t^, d^/2, d^. Then ^ con- 
tains X= l.i,2,C/o-'^iC/'o_, and F, the transform of ^_i by [2, 2, 2, 2]X. 
Now -^ 2, 2 transforms Gpi into itself, and y into ij 27/4 Cq^ 1 . We may thus 
assume that IT contains G^s and C^, 1 • Then II contains 

X-^A,i^-i f7-^l^i= [- 1, - 2, 0, 0], 

which belongs to G^t, but not to G 2, contrary to i = 2. 

16. Let next (x^ = ( iy,_ ^ ij, 1 ) • Then S is of the form (ll)^ , a special case 
of (1)3. Hence S transforms { a = } into itself. But the only G^s contain- 
ing G are { a = c == } and {a^O,k^rc + fid}. Hence S transforms 
either of these into a subgroup of G^ , , in contradiction with i = 2 . 

17. Let finally G^ = {B),p being > 3 . Then G^^j must be either 



a = d=Q 



a = d, c = ad + ^d^ } . 



The first is excluded by § 8 . The second is transformed into itself by any 



1905] PERIODS or HYPERELLIPTIO FUNCTIONS 57 

operator of {a = d}, and into {a = d, c = sVc? + ^d^} by T^^^^T.^^^. Trans- 
forming the result by [0, 0, (s* — 1 )/12, (s* — l)/2], we obtain 

[a = d,c= [sV-i(s2-l)]cZ+ic?2}. 

This lies in (x < , in contradiction with i = 2 . 

18. It remains to consider the H ij^ no two of whose subgroups G i have in 
common an operator 4= I. Hence the number of conjugate O 2 is M, where 
Jf = 1 (mod _p^). It is readily shown that the only factors of the form 1 + p'^x 
of « = (^■' — 1 ) (p^ — 1 ) are 1 , p- + 1 , (p^ — 1 )^ and &> . Hence if H is of 
index < t, where t = (p"* — 1 )/(p — 1 ), we may set M^=jf' + 1 or (p^ — 1 )^ 
The latter case is immediately excluded in view of the orders of the largest 
subgroups containing a G 2 self-conjugately ( § 8 ) . For M = p^ + 1 , G ^ 
is self-conjugate in a G -n within H, where t divides (p^ — 1)^. In fact, 
«^2(/-l)by §8. Hence, for|>>3,^isof index > t. 

19. If a subgroup H oi order -pN'xh of index < t, then N = w. The details 
of the exclusion ( for j> > 3 ) of this isolated case will be omitted, in view of an 
anticipated treatment of all orders pN. In this direction I have shown that 
any H^^, with more than one C conjugate "with ( L^ 1 ) may be transformed into 
the group F of the binary transformations of determinant unity on f j and r\^ , 
or else into a direct product of F and a binary group on f^ and r]^ with no oper- 
ator of period f (and hence of order 2 , 4(?, 24, 48 or 120 ). 
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